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The raising steps method. Applications to the U Hodge 
theory in a compact riemannian manifold. 

Eric Amar 


Abstract 

Let X be a smooth manifold and O a domain in X. The Raising Steps Method allows to 
get from local results on solutions u of equation Du = uj global ones in 

It was introduced in [T] to get good estimates on solutions of d equation in domains in a 
Stein manifold. 

It is extended here to linear partial differential operator of any finite order. 

As a simple application we shall get a Hodge decomposition theorem for p forms in 
a compact riemannian manifold without boundary, and then we retrieve known results of C. 
Scott [7] by an entirely different method. 


1 Introduction. 

In all the sequel a domain of a smooth manifold X will be a connected open set C of X, relatively 
compact and with C°° smooth boundary. 

The raising steps method allows to get from local results on solutions u of an equation Du = u, 
global ones in a domain C of a smooth manifold X. Precisely fix a threshold s > 1 such that you 
have a global solution m on C of Du = u with estimates L^{Q) —)■ L^{Q) ; very often this threshold 
will be s = 2, since Hilbert spaces are usually more tractable. Suppose that we have, for 1 < r < s, 
local solutions m on f/ fl C of Du = u with estimates ^{fl) —)■ fl C) with a strict increase of 

the regularity, i.e. - =- 6, 5 > 0 for any r < s, then you get a global solution v of Dv = oj 

t r 

which is essentially in V'{Q). I introduced this method in [1] to get solutions for the d equation with 
good estimates in domains in Stein manifold. I extend it here to linear partial differential operator 
D of any finite order m. 

We shall apply this method for the Poisson equation associated to the Hodge Laplacian in a 
compact riemannian manifold (M, g) of dimension n. Then we derive from this result a Up Hodge 
decomposition for p differential forms on M. This way we recover already known results of C. 
Scott |7] but by an entirely different method. The case r = 2 of this decomposition, which gives 
us s = 2 as a threshold, goes to Morrey and essentially all results in the U case we use here are 
coming from the basic work of Morrey |6]. 
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Precisely let Lp{M) be the set of p forms in the Lebesgue space U{M), Wp'^{M) the Sobolev 
space of p forms which have all their (covariant) derivatives up to order k in U{Q), and Up the set 
of harmonic p forms on M. We get the following Hodge decomposition : 

Theorem 1.1 Let {M,g) be a compact riemannian manifold without boundary ; we have the strong 
Hodge decomposition : 

Vr, 1 < r < cx), Up{M) =Wp® {M)) =Hl® Imd(H;^’"(M)) © luid* . 

We shall denote A^(X) the set of p forms on X. Let dp be the exterior differential on 
A^"*"^, then applications of this decomposition are well known and important. Fix a p in 0,1, ...,n 

and let A^”' % A^+i ; now consider the cohomology class H^{M) := kerdp/lmdp-i then 

• any class in H^{M) contains exactly one harmonic p form ; 

• the dimension bp{M) of H^{M) is finite and equals the dimension of the space of harmonic p 
forms ; 

and many other applications in cohomology theory and in other areas, see for instance C. Scott [7]. 

Finally we use a nice construction due to Guneysu and Pigola |1] to get good solutions for the 
Poisson equation associated to the Hodge Laplacian in a relatively compact domain in a complete, 
compact or non compact, riemannian manifold : 

Theorem 1.2 Let Q be a domain in the smooth complete riemannian manifold M and uj G 
then there is a form u G Wp'‘^{LL)^ such that An = u and < c(r2)||a;||^r(Q). 

This work will be presented the following way : 

• In the next section we state precisely the hypotheses we need for the method to work. 

• In the third section we state and prove the raising steps theorem. 

• In the fourth section we apply it in the case of a compact riemannian manifold. 

• In section 5 we prove the Lp Hodge decomposition theorem. 

• In the last section we get good solutions for the Poisson equation associated to the Hodge 
Laplacian in a relatively compact domain in a complete, compact or not, riemannian manifold. 

2 Hypotheses. 

We shall deal with the following situation : we have a C°° smooth manifold X admitting 
partitions of unity and a measure p equivalent to the Lebesgue measure in each coordinates patch, 
so we have the associated Lebesgue spaces LL{X). 

We suppose we have a punctual norm on A^(X), |ci;(x)| and if hi is an open set in X, the closure 
of A^(X) for this norm in the Lebesgue space LL{VL) will be denoted LLp{Vt) ; 

w G L;;(G) II^IIl;(o) := y \u:{x)f dp{x) < oo. 

Let be the set of C°° p forms of compact support in hi. We are interested in solution of a 

linear equation Du = u, where D = Dp is a linear operator acting on p forms, with eventually the 
constraint Cu = 0, where C is also a linear operator such that CD = 0. One aim is to apply this 
to the Hodge Laplace equation with D = A. 

Now on the degree p of the forms will be fixed and all the hypotheses will be made for this precise 
degree ; so the explicit mention of the degree will be often omitted. 
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2.1 Local regularity. 

Let f2 be a domain in X. We shall make the following assumptions on hi and on D. First if 

u G VP(X), Du G VP(X). There is a r > 5 with - =-r, such that ; 

t r 

(i) there is a covering {Lj}j=i,...,Ar of hi such that if ca G Cu = 0, we can solve Duj = u 

in Qj := Uj fl with U{Q) — L^{Qj) estimates, i.e. 3 q > 0 such that 
3uj G L^Dj), Duj = cu in Dj and < q||cu||^,(^^,). 

If we have Sobolev spaces Wp'^{U) defined for p forms onU C X, then we may also suppose that ; 
(i’) there is a /9 > 1 such that we can solve Duj = cu in 12 ^ := Uj fl 12 and 

3cdi > 0, Vj = 1,iV, 3uj G fF^’^(12j), Duj = cu in 12^ and ||mj|Ivf/9,^(Oj) - (^di\\(^\\Lr(n)- 

Fix Xj a C°° smooth partition of unity subordinate to {Lj}j=i,,.,,Ar and relative to 12, i.e. ; 

Vj = 1,..., X, Xj e 'I^iUj), 0<Xj < 1, Vx G Cl, Xj(.x) = 1- 

Now Vy G V^(X), \/u G ^*(12), we set i?(y,u) ;= D{xu) — xD{u) ; this operator is linear in y and 

u and we ask that ; 

/ 1 1 

(ii) we have Vj = 1,..., X, B{xj, uj) G Lp (12jj, with — =-5 ; precisely, with the local solution 

Uj given by (i) : 

\\B{Xj,Uj)\\^txnp < (^iXj)MLr(njy 

Again if we have Sobolev spaces Wp’^{U) defined for p forms on U C X, then we may also suppose 
that there is a constant > 0 : 

(ii’) Vj = 1,...,X, B{xj,Uj) G W^’^iQj) and \\B{xj,Uj)\\wi,r(^^^^ < Csi\\u\\^r^np- 
We notice here that the estimate \\B{xjjUj)\\j^tXQ.'j < c(yjj||cu||^r(Q^,) cannot be true for any u : 
take D = A the laplacian and u a harmonic function, then cu = Du = 0 but B{x,u) ^ 0 if u ^ 0. 
We ask this specifically for the given Xj, Uj. 

Remark 2.1 Clearly the hypotheses done are valid for a strietly elliptic linear partial differential 
operator (or a system) of finite order m, and 12 relatively compact. 

2.2 Global solution. 

(iii) We can solve Dw = cu globally in 12 with — U estimates, i.e. 

3cg > 0, Vcu G L^(12) 3w G L®(12) s.t. Dw = cu in 12 and ||ic’|| 2 ,s(q) < 
provided that Cu = 0. 

And again if we have Sobolev spaces defined on X, 

(iii’) there is a 0 < 7 such that we can solve Dw = cu globally in 12 with estimates, i.e. 

3cdg > 0, 3w s.t. Dw = cu in 12 and ||w||vi^ 7 , 7 q) < C(ig||cu||^a(j^) provided that Cu = 0. 


3 The "raising steps" method. 


Theorem 3.1 (Raising steps theorem) Under the assumptions above, there is a constant Cf > 0, 

1 1 

such that for r>l, s > r, if u E X(12), Cu = 0 there is a u = Ug E T(12) with - = -r, such 

t r 

that Du = cu + cu, with cu G L®(12), Cu = 0 and < c/||cu||j;^^('j^^, < c/||cu||j;^^(-f^^. 
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If (i’), (ii’) are fulfilled we also have 
u G (f2), 

Proof. 

Let r < s and cu G V'{VL), Cu = 0 ; we start with the covering and the local solution 

Duj = oj with - =-r, Uj E L^ifilj) given by hypothesis (i). 

ij T' _ 

Let Xj be the smooth partition of unity subordinate to and relative to fixed in 

the hypotheses ; because fl Uj and Xj ^ we have Xj'^j ^ L^iP) with 

\\Xj'^j\\Lt{p,) — — '^dl'^llL'-(O)- (3-1) 


Moreover if (i’) is true, we have Uj G W^'''{Uj) ^ Xj'^j ^ W^''^p) and : 

< c{Xj)Cdl\\^\\Lr(^Qy 

^ 1 1 

Set Vq :=y Xi'^i- Then we have, setting now — =-r, 

^ to r 

• Vo E L*°(f2) because Xj'^j ^ P°P) for j = 1, and ||no|| 2 ,to(j^) < with c = Nq 

by dnH). 

Moreover if (i’) is true we have Uj E W^’^pj), llwjll 14^/3,r(Q.) < hence Xj^j ^ ^p’''P)y 

N 

with \\XjUj\\wp,r(^^) < c{xj)cdiM\Lr(n)- But uq := '^XjUj so we get 

i=i 

N 

ll'^0|lvi//3.r-(Q) < y~l IIXi'nj||,4/,3,r(42) ^ ^puCdl\\<^\\ 

J = 1 
N 

with Cpu := y^c(xj). Hence vq E W^’^'p) with ||no|lvK/3.'-(o) ^ (^puCdi\\p\Lr(n)- 
i=i 

N N 

• Dvo = XjDuj + E B{xj,Uj) hence 

j=i i=i 


N 


N 


Wx E n, Dvo{x) = '^Xjixpp) + '^B{xj,Uj){x) = uj{x) +a;i(a;) 

i=i i=i 

N 

with cji := ^B{xj,Uj){x). 
i=i 

1 1 

By hypothesis (ii), B{xj,Uj) E L^°{Uj) with — =- 6, hence Ui E with 

5o r 


L^o(O) 


< G||a;| 


L^(0) 


(3.2) 


and G = CsiN. 

So the regularity of ui is higher by one step 5 > 0 than that of u. Moreover Cui = CDvo — Coj = 0 
because CD = 0 and Cu = 0. 
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If So > s we notice that uji G U{VL) because then C U{VL) for is relatively compact. 

So we are done by setting Us = fO) Cj = uJi. 

If So < s we proceed by induction : setting ti such that — =-r =- S — t, using the same 

ti So r 

covering and the same partition of unity {Xj}j=i,...,N and with ui in place of cu, we get 

3ni G Dvi = ui + U 2 and, setting si such that — =- 5 = -25, we have that the 

Si So r 

regularity of U 2 raises of 2 times 5 from that of u. 

We still have Cu :2 = CDvi — Cui = 0, so by induction, after a hnite number k of steps, we get a 
Sk ^ s. The linear combination u := gives Du = u -\- {—l^Uk with Cuk = 0. 

So again we are done by setting Cj = {—l)^ujk G 
If (i’) is true, then we have vq G W^''^{Vt) and 

Vi G ll'^i|ln//5.so(n) — '^ll^illi,'’o(n)’ 

hence by fl3.2p we get 

So, a fortiori, vi G because r < sq with the same control of the norm. For the same reason 

we have Vj = 1,..., k, hence the same estimates for u. ■ 

Corollary 3.2 Under the assumptions of the raising steps theorem and with the global assumption 
(Hi), there is a constant Cf > 0, such that for r < s, if u E Cu = 0 there is a v E L^{Q) 

with A := min(r,-), and — = -A, such that 

r s t r 

Dv = uj and v E 

Moreover, if (i’), (ii’) and (in’) are fulfilled we have, with a = min (/5,7), 

Dv = oj and v E hF"’'’(f2), 

Proof. 

By the raising steps theorem 13.11 we have a. u E L^{Q) such that Du = u + u with u G and 

Cu = 0 ; by hypothesis (iii) we can solve Dv = u with v G C L^{Q) so it remains to set 

V := u — V to get v E L^{Q) and Dv = u. 

Now if (iii’) is true then v E and because s > r, we have v E hF'^’'’(f2), so hnally, with 

a = min we get v E with the control of the norm, and we are done. ■ 


4 Application to compact riemannian manifold. 

Let (M, g) be a smooth compact riemannian manifold with metric g. We can dehne punctually, 
for u,(p E A^(M), a scalar product {u,ip){x) , see |6], hence a modulus \/x E M, |ci;| (x) := 
\/ (cu, u){x). By use of the canonical volume dvg on M we get a scalar product : 

{u,ip) := / {u,ip){x)dvg{x), 

J M 

for p forms in L^{M) i.e. such that 

^ {x)dvg{x) < 00. 

The same way we dehne the spaces Lp{M), and also Lp{fl), for any open set in M. 

The exterior differential d : —)■ on p forms admits a formal adjoint d* : 


\u 


|2 


\u\ 


IM 
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Vw e Lp{M), 'iif e AP{M), {d*uj,ip) = {uj,d(p), 
and we have 

d* : A° ^ 0 ; 1 < p < n, ^ A^’-^ 

Now we can define the Hodge laplacian : 

A = dd* + d*d. 

This is a second order partial differential operator which is essentially self adjoint and positive and 
it sends p forms into p forms. 

On {M,g) we can define Sobolev spaces (see |5]) and becanse M is compact these spaces are in 
fact independent of the metric. Moreover the Sobolev embeddings are trne in this case and a chart 
diffeomorphism makes a correspondence between Sobolev spaces in R"" and Sobolev spaces in M. 
Let O be any open set in M, we shall denote these Sobolev spaces Wp''{VL)^ meaning the set of p 
forms which have all their (covariant) derivatives np to order s in UiVt). 

4.1 Basic facts. 

Let 'Hp be the set of harmonic p forms in i.e. p form oo snch that Acu = 0, which is 

eqnivalent here to du = d*u = 0. 

The classical theory of Morrey [6] gives, on a compact manifold M withont bonndary : 

Hp := Hi C C°°(M) ( [6], (vi) p. 296) 
dimjR'Hp < oo ( [6], theorem 7.3.1). 

This gives the existence of a linear projection from Lp(M) Hp : 

Kp 

Wv e H{v) := ^ {v,ej)ej 

i=i 

where Xp is an orthonormal basis for Hp. This is meaningfnl becanse v G V'{M) can be 

integrated against Cj eH <Z C°°{M). Moreover we have v — H{v) G Ll{M) n H'^ in the sense that 
Vh G Hp, {v-H{v), h) = 0. 

We shall prove, as a conseqnence of the Calderon Zygmnnd ineqnalities, that for r < 2, if h G 
Ll{M), Ah = 0 then h G C^{M), hence in fact h G Hp. 

4.2 Local estimates. 

In order to have the local result, for y E M, we choose a chart (V 3 y, ^ '.= {xi, ...,Xn)) so 
that Qijiy) = Sij and <p{y) = B where i? is a Euclidean ball centered at (p{y) = 0 and gij are the 
components of the metric tensor w.r.t. p. 

Lemma 4.1 For any y G M, there are open sets V, IT d V, y E W, such that : 

Vo; G H{V), 3u E IT2’’-(IT) :: Au = u, 

And a Calderon Zygmund inequality : there are constants ci,C 2 such that 
\/u E W ’ (T), A Cl + C 2 II 

Proof. 

Of course the operator d on p forms is local and so is d* as a first order partial differential operator. 

So the Hodge laplacian read by <^9 in i? is not so different from that of R” in B when acting 
on forms in B ; hence we have 
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where is the p form u read in the chart (V, p) and A is a matrix valued second order operator 
with C°° smooth coefficients such that A : U^B) with, for a B with a small enough 

radius, ||y4|| < c||Affi|| with c < 1. 

This is true because at the point y E V we are in the flat case and if B is small enough, the 
difference A := — Ar in operator norm W'^’'^{B) —)■ U{B) goes to 0 when the radius of B goes 

to 0 , because (p E and the metric tensor g is also C^. 

We know that Ar operates component-wise on the p form 7 , so we have 

V 7 e L^iB), 3vo E W^’^{B) :: ArUo = 7 , \\vo\\w2.r^B) < C'hllL^s), 
simply setting the component of uq to be the Newtonian potential of the corresponding component 
of 7 in U, these non trivial estimates coming from Gilbarg and Trudinger [3], Th 9.9, p. 230 and 
the constant C = C{n,r) depends only on n and r. 

So we get ArUq + Avq = 7 - 1 - 71 , with 

71 = Avq hilli^s) < c||AR'i;o||i.(B) = 

We solve again 

3ni E Wp' (B) :: ArUi = 71 , = Gc|| 7 ||£^,.(-^^, 

and we set 

72 := Avi || 72 |lLr( 5 ) < c||ARni||^r( 5 ) = c|| 7 i||^r( 5 ) < o^I|7|Il'-(b)- 

And by induction : 

Vfc G N, 7fc := Avk-i ||7fc|lL’’(B) A c||ARnfc_i||^r(^) = c||7fc_i||£^r(5) A c ||7 |Il’'(b) 

and 

3vk E Wp' (B) :: Aru^ = 7 ^, ||'yfc||iy 2 .r( 5 ) < ^ll7fc|lL'-(_B) ~ ^0 ||7|Il’’(b)' 

Now we set 

v:=J2 

j6N 

this series converges in norm W‘^'^{B) and we have 

A^v = Aru + Av = XljeN = 7^ 

the last series converging in U'{B). 

As an alternative proof, we could have used the estimates for elliptic system done by Doughs and 
Nirenberg j2] to work directly with A^ but this is too heavy for a case so near to the usual laplacian 
in M"-. 

Going back to the manifold M with 7 := and setting u^f, := n, W := we get the right 

estimates : 

3u E W ’ {W) :: Art = ui in W, ||'w||p^ 2 .r(iy) A 
because the Sobolev spaces for B go to the analogous Sobolev spaces for W in M. 

For the Galderon Zygmund (G-Z) inequality we proceed the same way ; by the classical G-Z 
inequality for the usual laplacian Ar in |3], Th. 9.11, p. 235, we have, with p = 1/2, 

Vrt E hFp’'’(i?), ||'w|lii/2,r(p5) < g||'^IIi,>'(b) a *^211I In’-( b) 

because the laplacian on forms in is diagonal. Because A,^ = Ar -|- A with A a matrix valued 
second order operator with C°° smooth coefficients such that A : W^’^(B) —)■ U{B) with ||A|| < 
c||Ar|| with c < 1, we get 

Vrt E Wp' (B), IIARrt||^r(^) A ~ II^'*^IIl’’(b) — 

II A(prr||^r^^^ + c|| ARrt||^r(^). 

So 

Vrr e W^’^iB), (1 - c)|| AruH^.^^) < || A^rr||^.(^) 
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and finally 

(J 

Wu E Wp’ (B), ||M||^ 2 .r(p 5 ) < ^ _ ^||^</ 3 'w|| L^(B)- 

It remains to set C 2 := —^ to get the C-Z ineqnality for A„, so passing back to M, 

1 — c 

we get the C-Z local ineqnality on M. ■ 

Remark 4.2 (i) We notice that there is no compatibility condition for solving the system Au = u 
locally. 

(ii) Of course we can regularize u by convolution in pB so in fact we get : 

Vn E L (^Bf A^u E L u E W (^pB^ and A ^ 2 !! AtpiiH 

and the analogous in M : 

Vm e L'^{V), Au E ^{V) ^ u E W‘^'''{W) and ||M||^ 2 ,r(^) < Ci\\u\\^rp/) + C 2 II 

Proposition 4.3 We have the hypo-ellipticity of the Hodge laplacian : 

Vr > 1, Vm e h"(M), An = 0 ^ M e C°°(M). 

Moreover if there is a solution u E W^’'^{M) of the equation Au = f in M then any solution 
V E U'{M) of Av = f has the same regularity. 

Proof. 

By C-Z we have Au = 0 Vy G M, 3W 3 y :: u E W'^’'^(W) ; by Sobolev embeddings which are 

112 

trne here, we get u E L^(W), - = -, hence again, becanse Au = 0, u E W'^’^iW) ; so by 

t r n 

indnction we get u E W‘^’‘^{W) and by compactness u E hP^’^(M). Now the theory [6] implies 
that u E C°°{M). 

Snppose that Av = f then A{v — u) = 0 hence v — u E C°°{M) so v has the same regnlarity as 

u. ■ 

Corollary 4.4 For any y E M, there are open sets V, IP d V, y E W, such that we have : 

Vo; e VpiV), 3m G LfpiyV) Au = cm, < C\\uj\\^r^y^ 

with - = - — and Vm G IPj’^(lP). 
t r n ^ 

Proof. 

The lemma Hr] gives u G IP^’^(IP) snch that Au = cm, ||M||^ 2 .r(^) < C||cM||^j.(y), hence we get that 
Vm G lPp’'’(lP) with the same control ; ||< C'||cM||^,.(y). 

For the hrst statement it remains to apply the Sobolev embedding theorems which are trne here. 


4.3 Verification of the hypotheses. 

Onr operator is H ;= A on a compact manifold M withont bonndary and we set fl = M. The 
compatibility condition is given by the linear operator FT, i.e. to be globally solvable a p form cm 
mnst be in as we shall see in a moment, which is eqnivalent to H{u:) = 0. So here we set 
C = H. 
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4.3.1 Verification of the local hypotheses. 


We have, in the sense of distributions, for any open set U : 

Vy e V{U), Vn G i?(y,n) := A(yn) - yAn, 

and because A is a second order differential operator, we have that -B(y, u) is a hrst order differential 
operator in u with C°° coefficients. 

By corollary 14.41 and the fact that M is compact, we can cover M by a hnite set {Wj, Vj}j=i ^ 

1 . . , 1 1 2 

such that, with - =-, 

t r n 

\/uj G Lp(M), 3uj G Lp{Wj) :: Auj = ui, A 

2 

So we set Vj = 1,..., N, Uj = Wj and we have here r = — hence the (i). 

The lemma ITT] gives Uj G such that 

Auj = UJ, hence we have (i’) with {3 = 2. 

The corollary 14.41 gives || < c||a;||^^(^) but i?(y, u) is a hrst order differential operator 

in u with coefficients so we have (ii’) : 

\\B{XjT'^j)\\w^’^{Wj) — ^II^IIl^(m)- 
Again we use the Sobolev embedding theorem to get 

111 1 

with - =-. Hence we have here (ii) with 6 = —. 

t r n n 

It remains to check that TTA = 0 which is easy : 

Vu G Vh G Tip, (Am, h) = {u, Ah) = 0 because A is essentially self adjoint and 

h G C^{M), M being compact. So HA = 0. 

4.3.2 Verification of the global hypotheses. 

The threshold here is L^{M) where the Hodge decomposition is well known j6], we have 

Theorem 4.5 (The L? Hodge Decomposition). Let M be a compact, C°°, riemannian manifold 
without boundary ; we have : 

L\/\^M) = ImA(Bn. 

Moreover A~^ is bounded from Lp{M) fl H,-^ into fl H,-^. 

This implies (hi) and (in’) with 7 = 2 : 

Vcn G Ll{M), H{uj) = 0, 3m G W^’\M) n H,-^ :: Am = a;. 

4.4 Application of the raising steps method. 

Now we are in position to apply the raising steps method, namely corollary 13.21 and it gives : 

Theorem 4.6 Let M be a compact C°°, Riemannian manifold without boundary ; we have : 
yuj G T;(M), w G Hp{M)^, r < 2; 3m G L^M) :: Am = w, 

with X := mm( —,-), - =-A. 

n r 2 t r 

Moreover u G lV^’^(f2), ||n||^ 2 .r('f^) < 
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In order to get a LF Hodge decomposition theorem, we shall improve a little bit this result : 

Corollary 4.7 In the previous theorem we can choose n _L "H, An = a;, and keeping the same 
bounds. 

Proof. 

Take the previous solution u and set v := u — H{u). Then clearly v belongs to the same spaces as 
u because II{u) G Up C C°°{M) and the norms are just slightly modified and we have 

An = Au — A{H{u)) = Au = u. ■ 

4.4.1 Case r > 2. 

For this case we shall proceed by duality as we did in jTj. 

Let g E Lp (hi) n "Hp, we want to solve An = g, with s' > 2 and s' conjugate to s. 

We know by the previous part that ; 

V/ e L;{n) nni,3u€ L;{n), An = /. (4.3) 


Consider the linear form 

V/eL;(f2), £(/) := {u,g), 

where n is a solution of (14. 3 p ; in order for C{f) to be well defined, we need that if u' is another 
solution of Au' = /, then (n — n', ^f) = 0 ; hence we need that g must be "orthogonal" to harmonic 
p forms which is precisely our assumption. 

Hence we have that C{f) is well defined and linear ; moreover 

|-^(/)| A ll'w|lLo(o)llfi'llLs'(o) ^ <^\\f\\ 1^(^1)119111“'(n) 

so this linear form is continuous on / G Lp{Il) fl Up. By Hahn Banach it can be extended to the 
whole of Lp{Q), hence there is a p form v E Up ( 12 ) such that : 

\/f EUp{n)nu^, c{f) = {f,v) = {u,g). 

But / = Au, and A is essentially self adjoint so we have 
(/, v) = {Au, v) = {u, Av) = {u, g), 

for any u G C^{M), hence we solved Av = g in the sense of distributions with v E Up (12). So the 
theorem 

Theorem 4.8 For any r, 2 < r < n/2, if g E Lp{M) fl Up there is a v E U{M) such that 

112 

= 9, \\v\\Lt^(M) < c\\9\\Lr(M) 

If r > n/2, there is a v E kF^’’’(M) such that Av = g, ||'y|lw2,^(M) — 

For any r >2 any solution v of Av = g is in 1F^’'’(M). 

It remains to prove the last assertion and for this if w is another solution Aw = uj, then A{v—w) = 
0 , hence 

h := V — w E FLp ^ h E C^{M) w = v — h E lFp’"(M). ■ 

Now, suppose that g E Lp{M) fl FLp we shall apply the raising steps theorem with, as threshold 
global solution, the theorem 14.81 with s > t. So we get the theorem ; 
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Theorem 4.9 For any r, 1 < r < n/2, if g E Lp{M) fl Tip there is a v E V'{M) such that 

112 

= g, with - = 

If r > n/2, there is a v E such that Av = g, ||'i^|lvr2 ,^(M) — c||5'IIl’'(m)- 

For any r > 1 any solution v of Av = g is in 


5 The Hodge decomposition. 

We proved that 

a; e L^^M), u E , 3u E L^p{M) n TIpiM)^ r. Au = u ; 

we want to see that A“^ is bounded from Lp{M) to 

First A is injective from 'Hp{M)-^ to T-Lp^M)^ : let n G T-Lp^M)^ be such that Au = 0, the 
ellipticity of A implies that u E C°°{M) by proposition 14.31 and u E 'Hp{M) but u E 'Hp{M)^ hence 
(m, m) = 0 ^ m = 0. 

Now we have the operator A which is bounded from hF^’’’(M) fl FL^ to Lp{M) fl FL^ and which 
is injective and onto by the corollary 14.71 so its inverse is also bounded. 

This proves the U Hodge decomposition : 

Up{M) = Up{M) n Hp{M)^ © Up{M) n Hp{M), 
with A~^ continuous from Lp{M) nFLp{M)-^ —)■ hFp’^(M) r\FLp{M)-^. 

Theorem 5.1 If {M,g) is a compact riemannian manifold without boundary ; we have the strong 
U Hodge decomposition : 

Vr, 1 < r < cx), Up{M) =Up® {M)) =Wp® Imd(H;i’"(M)) © luid* {Wl’''{M)). 

Proof. 

We already have 

Vp{M) =Hfp® \mA{W}^{M)) 

where © means uniqueness of the decomposition, and is given here by the fact that the operator H 
is bounded on Up[M). 

So : 

Vw G Up{M) n Wp^, 3m G :: Am = (u. 

From A = dd* + d*d we get u = d{d*u) + d*{du) with du E Wp''^{M) and d*u E lFp’'’(M), so 
Vcn G Up{M) n Hfp^, 3a G fFpl"i(M), 3/3 G :: a; = a + /3, 

simply setting a = d{d*u), fl = d*{du), which gives a E d{Wpff^{M)) and /3 G d*{Wpff^{M)) and 
this proves the existence. 

The uniqueness is given by lemma 6.3 in [7] and I copy this simple (but nice) proof here for the 
reader’s convenience. 

Suppose that a G Wpffi{M), fl E Wpffi{M), h E FL satisfy 
da + d*f3 + h = 0. 

Let ip E Cff{M), because of the classical C°° -Hodge decomposition, there are g E Cffii{M), u E 
and r E FL satisfying 
if = dg + d*uj + r. 
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Notice that {d*(3,dri) = (^(3,d‘^r]'^ = {(3,0) = 0 and {h,dr]) = {d*h,r]) = 0, by the duality between 
d and d*. Linearity then gives 

{da, dr]) = {da + d*(3 + h, dr]) = (0, dr]) = 0. (5.4) 


Finally we have 

{da, ip) = {da, drj) + {da, d*oj) + {da, r) 

= 0 + (a, d*‘^uj') + {a, dr) by flkdj) 

= {a, 0) + {a, 0) because d*^ = 0 and t eT-L 

= 0 . 

Since C^{M) is dense in (M), r' being the conjugate exponent of r, and (p is arbitrary, we see 
that da = 0. Analogously, we see that d*(3 = 0 and it follows that h = 0. ■ 


6 Case of Q a domain in M. 


Let n be a domain in a smooth complete riemannian manifold M, compact or non compact; 
we want to show how the results in case of a compact boundary-less manifold apply to this case. 
We copy the following construction from j3]. 

Let be a relatively compact domain of M such that dN is a smooth hypersurface and Cl G N. 
The "Riemannian double" D := D{N) of N, obtained by gluing two copies of N along dN, is a 
compact Riemannian manifold without boundary. Moreover, by its very construction, it is always 
possible to assume that D contains an isometric copy hi tv of the original domain fl. We shall write 
n for Qjsi to ease notations. 


Lemma 6.1 Let u G Lp{fl), then we can extend it to u' G Lp{D) such that 
'iheHp{D), (n;',h)^ = 0. 


Proof. 

Recall that 'Hp{D) is the vector space of harmonic p forms in D, it is of finite dimension and 
np{D)GC^{D). 

Make an orthonormal basis {ei, ...,6x^1 of 'Hp{D) with respect to Lp{D), by the Gram-Schmidt 
procedure, so we get : 

{^jNk)jj ■ / CjCj^dV dji^. 

J D 

Set \j := {u:l^,ej) = {u:,ejl^), j = 1, ...,Kp, which makes sense since Cj G C°°{D) ^ ej G L°°{D), 

Kp 

because D is compact and put oj” := Then we set 


i=i 


u' cjIq — u"lD\n — ui — u". 

We have 

Vj = 1,..., Kp, {J, Cj )^ = {u, Cj) - {uj", Cj) 
by the choice of 


Vj 


1,..., Kp, ]ij . 


II 11^ 

A'Jj ^72 

IiGIIl2(d\o) 


\ II I w 
AIIGHl 2 (q) 


]ij\\e 


||2 

j\\L^iD\n) 


0 , 
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This choice is relevant because if ||ej|| 2 ^ 2 (£)\Q) = 0, then Cj = 0 for Cj is harmonic and D\Vt is open 
non void. In fact set 5 := inf j\\ej\\^ 2 (^D\Q-^ ^ 5 > 0 and 

Kp Kp ^ 

Hu = XjCj ||ifa ;||2 < ||^||2 ^ l-^il — 11^112 ^ 11^ II 2 — ^Il'^ll 2 - 

i=i i=i 

Of course u" G Lp{D) because 

1 

nil — lnllL’'(0)lnillL^'(f^) ^ — ^ll^lli''(f^)IIOllL^'(f^)’ 

and ||ej|lL'-'(f 2 ) — ^p(^)- Because ||ej||^ 2 (£)) = 1, a priori is bigger than 1 for r < 2, 

hence Op(r 2 ) depends actually on O unless r > 2 . 

So we have Ijcn'll^rp) < ® 

Now let u G H{Q) and see it on U{Qj^f) ; then extend it as u' to D by lemma I^TTl 
By the results on the compact manifold D, because u' T 'Hp{D), we get that there exists u' G 
Wp'^{D), u' T Hpi^D), such that Au' = u' ; hence if u is the restriction of u' to O we get 
u G Wp''^{VL)^ Au = a; in O. 

Hence we proved 

Theorem 6.2 Let Q be a domain in the smooth complete riemannian manifold M andu G Lp{Q), 
then there is a form u G ITp’'’(r2), such that Au = u and ||^||< c(0)||a;||^r(f2)- 

As in domains in M"', there is no constraint for solving the Poisson equation in this case. 
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